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INTRODUCTION 


Let L’ be a finite Boolean lattice, and let d € L’ be neither top or bottom element of L’. 
By splitting d one can obtain a new lattice L which is non-modular and subdirectiv 
irreducible (see section 1). We refer to such a lattice as a B-lattice. Given a B—lattice B, 
let B be the variety generated by B and let Amal(8) be the amalgamation class of B. The 
principal result of this paper, Theorem 5.1, tells us that Amal(B) is closed under reduced 
products and therefore it is an elementary class determined by Horn sentences. The 
pentagon is a B-lattice and so the above theorem generalizes Theorem 3.1 of (3). The proof 
of Theorem 5.1 is based on a characterization of Amal(8) (Theorem 4.2). In [9] a 
characterization of the finite members of the amalgamation class of the variety generated 
by the pentagon, is given. Theorem 4.3 generalizes this result: a finite lattice A belongs to 
Amal(B) if and only if A is a subdirect power of B and A does not have the three element 


chain as a homomorphic image. 


The results of sections 0, 1, 2 and 3 are mainly technical. They are needed to prove 
theorems from sections 4 and 5. Since authors are currently preparing papers which 
investigate the amalgamation classes of varieties generated by other splitting lattices (all 
B-attices are splitting) some statements in this paper are proved in a more general setting 
than is required for B-lattices and varieties generated by them. This mainly concerns 


statements 2.4 — 2.6 and statements from subsections 0.5, 0.6 and 0.9. 


Final Remark: As we mentioned before, the pentagon is a B-lattice and it will be noticed 
that the proofs of some statements are essentially the same as in [3]. However, we have 


included these proofs to make this paper self-contained. 


0. PRELIMINARY RESULTS, NOTATION AND TERMINOLOGY 


0.1 The Pentagon and N—quotients: Let u/v be a quotient of a lattice L. We shail say that 
u/v is an N—quotient of L if for some z€ L, the set (u,v,z) generates a sublattice of L 
isomorphic to the pentagon N (see Figure 1). In this pentagon, u/v is a critical quotient. 
(See 0.3(i).) 


0.2 n-sublattices: Given a positive integer n, we denote the chain with n elements by n. 
Let X be a sublattice of a lattice L. If X 5 n for some positive interger n and there is a 
retraction of L onto X, then we say that X is an n—sublattice of L. For example, if L is a 
distributive lattice and X 5 2, then X is a 2-sublattice of L. On the other hand, if L is 
non—distributive and subdirectly irreducible with critical quotient p/q (see 0.3(i)) and X = 
{p,q}, then X is not a Z-sublattice of L. 


0.3 Congruences and Embeddings: (i) Con(A) denotes the congruence lattice of an algebra 
A. The smallest congruence which identifies the elements a and b of A, is denoted by 
Con(a,b). If A is subdirectly irreducible and Con(a,b) is the smallest non-trivial 
congruence on A, we call the set {a,b}, a critical pair of A. If A is a lattice, then we may 
assume without loss of generality that a > b. In that case we shall refer to the ġusti a/b 
as a critical quotient of A. 

(ii) Let A and C be algebras and let f: A— C be a surjective homomorphism. Let 
© € Con(A) be the kernel of f. We shall refer to O as a C—congruence. If C has some 
special algebraic property e.g C is subdirectly irreducibe or C is a distributive lattice etc. 
then we shall call ©, subdirectly irreducible or distributive etc. 

(iii) Lemma: (a) Let L be a lattice which does not have a diamond as a sublattice. Then 
W € Con(L) is the smallest distributive congruence on L if and only if U —,0;, if and only 
if W = 2,Con(us/vs), where (9; : i € I} is the set of all 2-congruences on L and { us/vs : 


s € S } is the set of all N—quotients of L. 

(b) Let L be a lattice and let p > qin L. Let Y be the smallont distributive congruence on 
L and suppose that (p,q) ¢ U. Then if X is any sublattice of L with {p,q} ¢ X, {p,q} forms 
a Ż-sublattice of X. 

(iv) We use A < C to denote that A is a subalgebra of C or equivalently, that C is an 
extension of A. Let V be a variety. We shall say that A € V is congruence eztensile in V if for 
any C € V with A < C, every congruence on A can be extended to a congruence on C. An 
extension C of A is said to be essential if every non—trivial congruence on C restricts to a 
non-trivial congruence on A. A is said to be a maximal irreducible in V, if and only if A is 
subdirectly irreducible and A has no subdirectly irreducible proper essential extension in V. 
The class of maximal irreducibles in V will be denoted by Va 

(v) Let C = I Ci be a product of algebras and let f: A—4+C be an embedding. We shall 
say that f is regular if for any distinct i,j € I we have ©;|f[A] + 8;IMA), where 9; and Oj 
are the kernels of the canonical projections of C onto C; and Cj respectively. 


0.4 Filtral Congruences: Let A = IIA; be a product of algebras, A congruence $ on A is 
said to be filtral if there is an ultrafilter 7 over I which induces $ i.e. for all x,y € A we 
have (x,y) € $ if and only if {i € I : xı = yi} € F. It in well known that if I is finite, every 
filtral congruence on A is an A; congruence for some 161, Now suppose that A is 


congruence distributive, We shall frequently use the following fundamental result: 


Jénneon's Lemma I O< A and © in a nubdirectiv irreducible congruence on C, then there 
in a Hitral congrugnoe ® on A much that 8(O C 0, 


The following la an important conmequende of Jonnmon'a Lomma: 


Corollary: Lot V be a vongruonse dinirihuliva variety generated by a finite set of finite 


algebras 7. If S is a subdirectly irreducible member of V, then Sisa homomorphic image of 
a subalgebra of some A € 7. 


0.5 Lattice varieties which do not have diamond and the lattices Ly Ly Ly, Ly Ly Lip Lip 
as its members: Let V be a variety as indicated in the title of this section. (See Figures 2 
and 3) and let L € V. The proof of the following result can be found in (10) (For. the concept 
of weak projection the reader is referred to [5].) 


Lemma A: (i) Let p,g,2 € L such that N(p/q,z). If u/v is a quotient of L which projects 
weakly onto p/q, then N(u/v,z). 
(ii) Assume that L is a subdirectly irreducible. Then: 
(a) L has a unique critical quotient u/v. 
(b) The principal filter (v) and the principal ideal (u) form distributive sublattices of L. 
(c) The following are equivalent for z € L: 

(1). N(u/v,z) 

(2) zis non—comparable with u and v. 


(3) There is a quotient p/q of L with N(p/q,z). 


The following proposition is concerned with the smallest distributive congruences of 
members of V. 


Proposition B: Let L € Y, let Y be the smallest distributive congruence on L and let {us/vs 

:8 € S} be the set of all N—quotients of L. 

(a) Let p,q € L. Then (p,q) € Y if and only if there is a finite subset {x1,...,.Xn} of L such 
that p + q = x1 >... > Xn = pq and for all i € £1,....n — 1} the quotients x;/x;,, are 
N—quotients in L. 

(b) Let M<L. Then |M = 2,(Con(us/vs) | M). 


Proof: (a) By Lemma 0.3(a), U = Z Con(us/Va). Note that (p,q) € W if and only if there are 
Xi--Xn E€ L with p +g = xX; > ... > Xn = pq such that for i € (1,..,n 1), the quotient 
xi/xin projects weakly onto an N—quotient of L (see for example (5) page 77). The result 
now follows from part (i) of Lemma A. 

(b) Again by Lemma 0.3(a) we have ¥ = E Con(us/vs) so that Z (Con(us,vs)|M) ¢ 
(2, Con(us,vs))IM = WJM. Now consider p,q € L with (p,q) € VIM. By (i) there are 
X4,--.Xn € M such that p + q = x; > ... > Xn = pq and for alli € {1,...n — 1} the quotient 
xi/Xin is an N—quotient of M and hence of L. But then we have (p+q,pq) € 
2, (Con(us,vs) IM) whence (p,q) € 2 (Con(us,vs) / M) and so the result follows. 


We now turn our attention to a subdirect products of non—modular subdirectiv irreducible 


members of V. 


Lemma C: The following are equivalent for L € V. 

(a) Lisa subdirect product of non—modular subdirectly irreducible members of V. 

(b) For every non-trivial quotient of p/q of L, there is an N-quotient s/t of L which 

projects weakly onto p/q. 

Proof: Assume (a) and let p/q be a non-trivial quotient of L. Let © be a non—modular 
subdirectly irreducible congruence on L with (p,q) ¢ 8. Let u/v be a quotient of L such 
that (u/0)/(v/0) is a critical quotient in L/O. By Lemma 0.5 A(ii) part (c), (u/0)/(v/8) 
is an N—quotient of L/O. Since the pentagon is a projective lattice we may assume that 
N(u/v,z) for some z € L. Now (u/®)/(v/@) projects weakly onto (p + q/®)/(pq/@) in 
L/9. Thus there is a quotient s/t in L which projects weakly onto both u/v and p/q (see 
(12)). Since N(u/v,z), it follows from Lemma 0.5 A(i) that N(s/t,z). Thus (a) implies (b). 
Now assume (b). Let (pi/qi : i€ I} be the set of all non—trivial quotients of L. By 
assumption, for every i € I there is an N—quotient si/t: which projects weakly onto pi/qi. 
For each i € I, let O; be a subdirectly irreducible congruence on L with (pi,qi) £ 9:. Then 


for all i € I, (si,t1) £ Qi, and so 9; is a non—modular subdirectly irreducible congruence on 
L. Note that 1,6; is the trivial congruence on L and the so (a) follows. Thus (b) implies 
(a). 


Lemma D: Assume that Y is finitely generated. Let L €Y and let C = II C; where for all 
ieI, Cie Var Suppose that there is an embedding f: L — C with the following property: 
For every homomorphism g: L— M where Me V and for which g(L) contains a unique 
critical quotient of M, there is a homomorphism h : C — M with hof = g. Then for some 
i € I, h[C] is an image of C;. 

Proof: Since g[L] contains a unique critical quotient of M and g[L] < h[C], the lattice hIC) 
must be directly indecomposable. Since ) is finitely generated we see by the Corollary 0.4 
that M and hence h{C] is finite and so the result follows by Theorem 7 of (2). 


0.6 Reduced Products: In this subsection we assume that V is a lattice variety as in section 
0.5. Let 7 be the class of lattices in V which are subdirect products of non—modular 
subdirectly irreducible members of V. We are going to show that under certain 
assumptions, the class Z is closed under reduced products. 


Notation: Given quotients s/t and p/q of a lattice L, we shall write (s/t,p/a)n if n is the 
smallest number of steps for which s/t projects weakly onto p/q. 


Definition: (i) Let S be a subdirectly irreducible member of V and let c/a be a (unique) 
critical quotient of S. Let r be an integer. We say that S has radius r if r = max {n : there 
is a quotient p/q of S with (c/a,p/qjal- 

(ii) A class $ of subdirectly irreducible members of V is said to be k—restricted if k is the 


maximum radius of members of S. 


From now on $ will denote the set of all non—modular subdirectly irreducible members of V 
and we will be assuming that $ is k—restricted for some fixed integer k. Note that 2 is the 
class of subdirect products of members of $. Consider an L € X. If s/t and p/q are quotients 
of L with (s/i,p/q)n, then n < k + 2 (see (12)). Thus under our assumption, Lemma 0.5 C 
can be reformulated as follows: 


Lemma: Let L € Y. Then L € X if and only if for every non-trivial quotient p/q, there is an 
N—quotient s/t such that (s/t,p/q)n and n < k + 2. 


Proposition: The class # is closed under reduced products. 

Proof: Let L= I L; where for all ie I, L; € 7. Let F be a filter over I and let © be the 
congruence on L induced by F. Let p,q € L be such that (p/@}/(q/©) be a non-trivial 
quotient of L/9. Put Y = {i € 1: pi > qi}. Then Y € F. Since L; € £ for all i € I, we see by 
the preceding lemma that for any i € Y there is an N—quotient si/ti of L; such that 
(si/ti,pi/qi)n with n < k + 2. For all i € I — Y let si € L; and let ti = si. Putting s = (si), 
and t = (ti), we obtain an N—quotient s/t in L with ( (s/9)/(t/9) , (p/9)/(a/9) )n in 
L/Ə. The result follows now from the preceding lemma. 


0.7 The Amalgamation Class of a Variety: By a diagram in a variety V, we mean 3 
quintuple (A,f,C,g,D) where f : A — C and g : A — D are embeddings with A,C,D € Y. By 
an amalgam in Y of this diagram, we mean a triple (Ef',g') where f':C— E and 
g’ : D— E are embeddings with E € V and fof’ = gog’. If such an amalgam exists, we say 


that the diagram can be amalgamated in V. An algebra A € V is called an amalgamation — 


base for V if every diagram {a,f,C,g,D) in V can be amalgamated in V. The class of all 
amalgamation bases for V is called the amalgamation class of V and is denoted by Amal(V). 
If V is non-trivial then Amal(V) will be a proper class. (See (13).) 


0.8 Absolute Retracts: Let V be a variety. An algebra A € V is said to be an absolute retract 
in Y if for any embeddings f: A — C with C €Y, there is a (surjective) homomorphism 
g : C — A such that gof is the identity map on A. Absolute retracts of a variety V belong 
to Amal(V) (see [1] Proposition 3.2). absolute retracts in a variety V have no proper 
essential extensions in V. It is well known that Y is residually small if and only if every 
member of V is essentially embeddable into an absolute retract in V (see (11)). If A is an 
essential extension of a subdirectly irreducible, then A is itself subdirectly irreducible. The 
subdirectly irreducible and so if V is residually small, every subdirectly irreducible member 
of V is embeddable in a subdirectly irreducible absolute retract in V and moreover, the class 
of subdirectly irreducible absolute retracts in V is precisely Vy (see 0.3(iv)). For example, if 
Lis any one of the lattices in Figures 1, 2 or 3, and is generated by L, then Va = {1}. 


0.9 Amalgamation in residually small congruence distributive varieties whose members 
have one element subalgebras: Let V be a variety as indicated in the title. The proof of the 
following result can be found in (7). 


Theorem A: (i) A € Amal(V) if and only if for any embedding f: A — C with C € Y, and 
for any homomorphism g: A — M with Me Vi» there is a homomorphism h: C— M 
such that hof = g. 

(ii) A product of absolute retracts of V is an absolute retract and therefore belongs to 
Amal(V). 


Remark B: (i) We note that residual smallness is not required in part (ii) of Theorem A. 
(ii) Part (i) of Theorem A remains valid if we only consider the case when A and g[A] are 
non-trivial. 


(iii) Let A be as in the first part of the Theorem A. Then A is congruence extensile. 


Example C: Let L be one of the lattices in Figure 1, 2 or 3, and let V be the variety 
generated by L. Then any direct power of L is an absolute retract in V and therefore 
belongs to Amal(V). . 


The following result is Corollary 1.1.3 of (3). 


Lemma D: Assume that V is finitely generated and that for any distinct D,E € Yup D is not 
an image of a subalgebra of E. Let A be a subdirect product of members of Vy Then 
A € Amal(V) if and only if for any regular subdirect representation f : A — C where C is a 
product of members of Vows and any homomorphism g: A — M where M € Vp there is a 


homomorphism h : C — M such that g = hof. 


The assumptions which are required to prove the preceding lemma can be dropped if we 
assume that A is congruence extensile. 


Lemma E: Let V be as in Theorem 0.9 A, and assume that A is a subdirect product of 

members of V Then A € Amal()V) if and only if the following two conditions hold: 

(i) A is congruence extensile. 

(ii) If Cis a product of members of Vp f: A — C is a regular subdirect representation, 
and g: A—+M is a homomorphism with M € V., then there is a homomorphism 
h: C— M such that hof = g. 

Proof: If A € Amal(V), then (i) and (ii) hold by Theorem 0.9 A(i). For the converse assume 

that (i) and (ii) hold. Let C’ = 11,8; where for all i € I, S; € Vp andietf': A—+C bea 

subdirect representation. Since A is congruence extensile, it follows from Lemma 3.10 in 

[i], that the following is sufficient for A € Amal(V): 

(a) C € Amal(Vv) 

(b) If g’: A—+M is a homomorphism with M € V,, then there is a homomorphism 
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b':G'—M buch that h'of' =g’. 

Now (a) follows from Theorem 0.9 A(ii). We complete the proof by showing that (ii) 
implies (b). So let g’: A—+M be a homomorphism with M € Via: Now the subdirect 
representation f’ : A — C’ induces a regular representation f: A — C where C = 1,8; for 
some J CI. For each i € J we have the homomorphism mjof' : A — $; where x4: C’ — S; 
is the ith projection, and so by (ii) there is a homomorphism x;: C— $; such that 
mol = mof'. For i € J let xi: C—$; be the ith projection. Now let k: C — C’ be the 
product homomorphism induced by the homomorphisms xj, i € I. Then k is an embedding 
and kof = f’. By (ii) there is a homomorphism h : C — M such that hof = g’. By Theorem 
0.9 A(ii), C € Amal(V). By Theorem 0.9 A(i) there is a homomorphism h’ : C’ — M such 
that h’ok = h. It follows that h'of' = g’ as required. 


Lemma F: Let M € V, and let P be a retract of M. Let A € Amal(V) and let f: A — C be 
an embedding with C éY. Then every P—congruence on A can be extended to a 
P—congruence on C. 

Proof: Let 8 be a P—congruence on A. There is a homomorphism g: A— M with 9 = 
ker(g). By Theorem 0.9 A(i) there is an h : C — M such that hof = g. Let k : M—+P bea 
retraction and let U = ker(koh). Then W is a P—congruence on C which extends 9. 


Lemma G: Let S be a subdirectly irreducible member of V and let M € Via Suppose further 
that there are two embeddings f,g : S— M such that f is essential and g is not. Then 
S ¢ Amal(V). 

Proof: Suppose that $ € Amal(V). Then by Theorem 0.9 A(i) there is an h: M — M with 
hof = g. Let {u,v} be a critical pair of S. Then {f(u),f(v)} is a critical pair of M since f is 
essential (see 0.8). Thus h must be an automorphism of M. But then {g(u),g(v)} is a 


critical pair of M since g = hof, a contradiction since g is not essential. 


il 


We end this section with two corollaries concerning the case when V is a residually small 


lattice variety. 


Corollary H: Suppose that V is a residually small lattice variety and assume that there is a 
non—distributive lattice M € V 1 which has a 2-sublattice. Then 2 ¢ Amal(V). 

Proof: Let u/v be a critical quotient of M and let {s,t} form a 2-sublattice of M with s < t. 
Then {u,v} + {s,t} (see 0.2). Considering embeddings fig : 2— M with {[2] = {u,v} and 
g[2] = {s,t} we see that the result follows from the preceding Lemma. 


Theorem 6.2 in [9] tells us that if V is the lattice variety generated by the pentagon, then 
every non—trivial member of Amal(V) is a subdirect product of pentagons. The proof goes 
as follows: Let A € Amal{Y) and let k : A — II (A/0)) be a subdirect representation. Put J 
= {ie I : A/9;8 N} and $ = {i € I : A/O; $ 2). If S is not empty then there are x,y € A 
with x > y and (x,y) ¢,0;. Let 1:2— A be the embedding with fiz) = {x,y}, and let 
g:2— C be any embedding with C € V. Using the assumption that S is not empty it is 
shown that the diagram (2,f,A,g,C) can be amalgamated in V and therefore 2 must belong 
to Amal(V) (see (6)). The argument remains exactly the same if we assume that A is a 
member of a non—distributive lattice variety and we put J = fiel : 0; is a 
non—distributive subdirectly irreducible congruence on A}. Combining this with the 
preceding corollary we have: 


Corollary I: Suppose that Y is a residually small lattice variety and assume that there is a 


non—distributive lattice M € V which has a 2~sublattice. Then every member of Amal(V) 
is a subdirect product of non-distributive subdirectly irreducible members of V. 
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1, THE CLASS X 


1.1 Members of X: Let d be an element of a lattice L’. By splitting d one can obtain a new 
lattice L. More precisely we put L = (L’ — {d}) U {a,c} where a = (d,0) and c = {4,1). Lis 
then the lattice with underlying set L and with partial order defined as follows: Given 
x,y € L, xe have x $ y in Lif and only if one of the following holds: 

(a) xyeL’ —{d}andx< yin L’ 

(b) xe {a,c}, ye L’ — {d} and d < y in L’ 

(cl). xeL’ — {d}, ye {a,c} and x < din L’ 

(4) (x,y) € { (a,a), (a,c), (cc) }- 

Now let X be the class of all non—modular subdirectly irreducible lattices L obtained by 
splitting some element of a finite distributive lattice L’. For example the pentagon and the 
lattices Lk, L,, and Ly, are in X (see Figure 3). A detailed study of the class K can be 
found in (10) Chapter 5. In particular, the proofs of the following two results can be found 


there. 


Proposition 1.1.1: Let L € K be obtained by splitting the element d of a finite distributive 

lattice L' and let a,c € L be as above. Then the following statements all hold: 

(a) Either LU N or for some i € {13,14,15}, L; is embeddable in L (see Figure 3). 

(b) Every non-distributive subdirectly irreducible member of the variety generated by 
L belongs to X. 

(c) c/a is the unique N—quotient of L and it is a critical quotient with L/Con(a,c) $ L’. 

(d) The principal filter (d) and the principal ideal (d) of L' form non-trivial Boolean 
sublattices of L’. 


Theorem 1.1.2 (Characterization Theorem) 
Let L’ be a finite distributive lattice and let d € L' be neither the top nor bottom element 
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ee 


of L’. Let L be obtained from L’ by splitting d. Then Le X (i.e. L is non—modular and 
subdirectly irreducible) if and only if the following all hold: 

(a) Every cover of d in L’ is join reducible. 

(b) Every dual cover of din L’ is meet reducible. 

(c) Every prime quotient in L’ projects onto a prime quotient p/a with either p = d or 


q=d. 


From this Characterization Theorem we obtain the following: 


Corollary 1.1.3: If L’ is a finite Boolean lattice and d € L’ is neither the top or bottome 
element of L’, then L € L. 

Proof: Consider a cover x of d in L'. Since L’ is Boolean and d is not the bottom element 
of L', the principal ideal (x) forms a Boolean sublattice of L’ with at least four elements. 
Thus x must be join reducible. Dually we see that if c is a dual cover of d in L’, it is meet 
reducible. Thus conditions (a) and (b) of Theorem 1.1.2 hold. To show that condition (3) 
also holds, consider a prime quotient x/y of L'. There is an atom z of L' such that 2/0 
transposes up onto x/y, where 0 is the bottom element of L’. Then either z $ d or z is 
non—comparable with d. If z < d, then there is a dual cover q of d such that d/q transposes 
down onto z/0 whence (c) holds. If z is non—comparable with d then the prime quotient 


(d + 2)/d transposes down onto 2/0 and again (c) holds. 


Remark 1.1.4: We shall refer to the members of X obtained from finite Boolean lattices as 
B-lattices. It will follow from Corollary 1.1.6. below, that every member of X is either a 
B-attice or isomorphic to La, for some non-negative integer n (see Figure 3). By 
Proposition 1.1.1(a), every member of X which is not isomorphic to the pentagon has a 
sublattice isomorphic to Lis, Lia, or Lyp It is shown below that if L € X and Lyg or Ly is 


embeddable in L, then L is a B—lattice. On the other hand, if L € X but L,, and L,, are not 
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embeddable in L and L is not isomorphic to N, then L is in fact isomorphic to Lq; for some 


non—negative integer n. 


Lemma 1.1.5: Let L € X and assume that either L,, or L,, is embeddable in L. Then L is a 
Battice. 

Proof: Consider the case when L,, is embeddable in L. Let k = max{m : m is a 
non-negative integer with Ly, embeddable in L). Let a,c,u,by,...,bx € Lk, be as in Figure 3. 
Without loss of generality we may consider Lk, < L with bi,...,bx covering u in L. Since 
Le there is a finite distributive lattice L’ such that L is obtained from L’ by splitting 
some d € L’. By Proposition 1.1.1(c) we see that we must have a = (d,0) and c = (d,1). By 
Proposition 1.1.1(d), the principal ideal (d) of L’ forms a Boolean sublattice. Let a4,...,An 
be the atoms of (d). We claim that u is the bottom element of L'. Suppose that this is not 
the case. Then there is a dual cover v of u in L’. By Theorem 1.1.2 (c) the prime quotient 
u/v of L' projects onto a prime quotient p/q of L' with either p = d or q = d. Since L’ is 
distributive, there is a prime quotient x/y of L’ such that p/q transposes onto x/y and x/y 
transposes onto u/v. Since d 2 u > v, this implies that q + d and so p = d. By Proposition 
1.1.1(d) the principal filter (d) is forms a Boolean sublattice of L’. Thus the quotient d/v 
forms a Boolean sublattice as well. Since d > u >v, d/v must have at least four elements. 
Thus v has a cover z with z#u. Note that u = db; for any i€ {1,....k} and so z is 
non—comparable with bi,..,bx. For all ie {1,....k} we must have u+2#b; or else 
N(b:/u,z) contradicting the distributivity of L’. Also u + z must cover u. Thus the subset 
{a1,...;8n,D4,...,bk,u + z} generates a Boolean sublattice of L’ with at least k +2 atoms. 
But this implies that Lk33 is embeddable L contradicting the maximality of k. Thus u is 
the bottom element of L’ as claimed. Now put t = d+b;+... + by. Note that the 
principal ideal (t) forms a Boolean sublattice of L’ with atoms aj,...,an,bj,-..,b;. Suppose 
that t is not the top element of L’. Then d has a cover w in L’ with w # b; + d for all 
ie £1,..,k). But by Theorem 1.1.2(a), there are r,s < w in L’ with r+s=w. Since w 
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covers d we have r $ d and s $ d. Also we cannot have both r < d and s < d and so without 
loss of generality we may assume that s is non—comparable with d. Then d + 8 = w and so 
it follows that s is also non—comparable with by,,...,b,. Thus we see that the set 
{d,by,...,by,8} generates a Boolean sublattice of L’ with at least k + 2 atoms. But then L432 
is embeddable L contradicting the maximality of k. Thus t is the top element of L’ and so 
L’ is Boolean whence L is a B—lattice. The result for the case when L,, is embeddable in L 
follows dually. 


Corollary 1.1.6: Every member of K is either a B-attice or isomorphic to L}, for some 
non—negative integer n. 

Proof: Let Le X. By Proposition 1.1.1(a), either LY N or for some i € {13,14,15}, L, is 
embeddable in L. Obviously L is a B—lattice if LU N and by Lemma 1.1.5, L is a B-lattice 
if Ly, or Ly, is embeddable in L. Moreover by Proposition 5.3.3 of [10] we see that if L,, 
and L,, are not embeddable in L and L is not isomorphic to N, then then L% L4, and the 


proof is complete. 


1.2 B—Lattices and B—Varieties: For the rest of this paper let B be an arbitrary B—lattice 
and let c/a be the unique N—quotient of B which is also a critical quotient (see Proposition 
1.1.1(c)). Let B' be the finite Boolean lattice from which B is obtained. Let B denote the 
variety generated by B. The following proposition contains the basic facts about 
B-lattices. 


Proposition 1.2.1: (i) Let p,q € B with p > q and {p,q} + {a,c}. If X is any sublattice of B 
and {p,q} € X, then {p,q} forms a 2—sublattice of X. 

(ii) Let A be a direct product of B—lattices and assume that only finitely many factors of A 
are non—isomorphic. Then every finite distributive image of A is Boolean. 

Proof: Let X be a sublattice of B with {p,q} C X. Let O = Con(a,c)1X. Since {p,q} + {a,c} 
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we see that p/@ > 4/9 in X/8. The result follows now from 0.3(iii) Lemma (b). (ii) Since 
every distributive image of a B-lattice is a finite Boolean lattice, the result follows from 
Theorem 7 of [2]. 


To prove Corollary 1.2.3 below we need a simple fact concerning finite Boolean lattices. 
The following result is folkloric; we include a proof for completeness. 


For a set U we will denote the Boolean lattice of subsets of U by AU). 


Lemma 1.2.2: Let Y be a finite set and let X be a proper subset of Y. Then for any 
non-empty proper subset A of X there are two distinct embeddings f,g : AX) — PLY) with 
f(A) = g(A) such that there is no automorphism h of AY) with f = hog. 

Proof: Let f: AX) — AY) be the inclusion map and let g: AX) — AY) be defined as 
follows: for all B ¢ A put g(B) = B and for all BC X—A put g(B) = (Y — X) u B. Then f 
and g are distinct lattice embeddings with f(A) = g(A). Now any automorphism of AY) 
preserves heights of elements of AY), howeverfix0—A)-X-A and 
g(X — A) = (Y — X) u (X — A) have distinct heights. 


We will say that a lattice A is automorphic in a lattice C, if for any two embeddings 
fg: A — C there is an automorphism h of C with f = hog. 


Corollary 1.2.3: Let A € B and assume that A is B—lattice which is not isomorphic to B. 
Then A is not automorphic in B. 

Proof: Let A’ be the finite Boolean lattice from which A is obtained by splitting some 
element e € A’ and let x = (e,0) and y = (e,1). Note that there is a bijection between the 
set of embeddings of A into B and the set of embeddings of A' into B' which send e to d. 
This bijection is given explicitly as follows: If f: A— B is an embedding then the 
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corresponding embedding f’ : A’ — B’ is given by f'(e) =d and f’{z) = f(z) for z + e. 
Thus we see that A is automorphic in B if and only if for any two embeddings 
fig : A’ — B’ with f(e) = g(e) = d there is an automorphism h of B’ with f = hog. Since 
A is not isomorphic to B and A is a B—lattice we have |A’| < |B’|. The result follows 
now from the preceding lemma and the fact that every finite Boolean lattice is 
isomomorphic to a lattice of the form P(X) for some finite set X. 


Our next lemma shows that every subdirectly irreducible member of B is essentially 


embeddable into B. 


Lemma 1.2.4: Up to isomorphism, B is the only member of LM 

Proof: We have to show that every subdirecilv irreducible member of B is essentially 
embeddable into B (see 0.8). So let S be a subdirectiv irreducible member of 8. If Sy 2 
then trivially S is essentially embeddable in B. Consider the case when S is not isomorphic 
to 2. By Proposition 1.1.1(i), S € X. By Corollary 1.1.6 we see that S is either a Battice or 
$ 2 L4, for some non—negative integer n. If S is a B—lattice and $ is not isomorphic to B 
and so from the proof of Corollary 1.2.3 we see that S is essentially embeddable in B. Thus 
we are left with the case when $ £ L4, for some non-negative integer n. For this case we 
note that by Corollary 0.4, S is an image of a sublattice X of B. Note that a,c € X and so X 
is obtained from a sublattice X' of B’ by splitting the element d which is contained in X'. 
Let S’ denote the quotient of S under the smallest congruence which collapses its unique 
N-cquotient. The surjective homomorphism from X to S induces a surjective 
homomorphism f: X'—S'. Let e= f(d). Since SeX, the principal filter (e) and the 
principal ideal (e) form Boolean sublattices of S’ (see Proposition 1.1.1(ii)). Also, X’ n (d) 
and X’ N (d) form sublattices of X’. (e) and (el are images of X” N{d) and X’ n (d} 
respectively, under f. Since finite Boolean lattices are projective in the variety of 
distributive lattices it follows that (e) and (e) are embeddable in X’ N (d) and X' n (d) 
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respectively. Thus d has at least as many covers in B' as e has in $’ and similarly for dual 
covers. Since $ 5 LA, we can choose n covers uj,...,Un Of d in B’ and n dual covers V1,...,Vn 
of d in B’, such that for each i € {1,....n} we have u; > d > vi. Let by,...,bn € B’ be such 
that d + b; = u; and db; = vi. Then for each i € {1,....n} we have N(c/a,b;) in B, so that 
the set {a,c,bi,...,bn} generates a sublattice of B isomorphic to Las. 


Note that the preceding lemma shows that every member of B is embeddable in a direct 
power of B. 


Lemma 1.2.5: Let A € B and assume that 3 is not an image of A. Let f: A— M be an 
embedding with M a direct power of B, and let g: A — B be a homomorphism such that 
gIA) is a non—modular subdirectly irreducible lattice. Then there is a surjective 
homomorphism h : M — B with hof = g. 

Proof: Without loss of generality we may assume that A < M and that f: A— M is the 
inclusion map. Since g[A] is subdirectly irreducible, by Jénsson’s Lemma there is a filtral 
congruence $ on M such that $jJA C ker(g). Note that 8 must be a B—congruence on M 
(see Corollary 0.4). Let k : M— B be a surjective homomorphism with = ker(k). Then 
ker(k| A) C ker(g) and so there is a surjective homomorphism s : k{A] — g[A]. Thus k{A] is 
non—modular and so it contains the unique N—quotient c/a of B. Thus k{A] is obtained 
from a sublattice X of B with d € X, by splitting d. Since 3 is not an image of A and 
X $ k{A]/Con(a,c), X must be a Boolean lattice. Thus k[A] is B-lattice. It follows that s 
must be an isomorphism. Let h = jogok : M — B where j: g[A] — B is the inclusion map. 
Then we have hof = g. 


2. EXTENSIONS OF 2-CONGRUENCES 


It follows from Proposition 1.2.1 (i) that every B—lattice has a 2-sublattice. By applying 
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Lemma 0.9 F with V = B we have the following: 


Lemma 2.1: Let A € Amal(B) and let C € B with A < C. Then every 2~congruence on A can 
be extended to a 2—congruence on C. 


Our next lemma is the simple consequence of distributivity. We shall state it without 


proof. 


Lemma 2.2: (i) Let A and C be distributive lattices with A $ C. Then every 2—congruence 
on A can be extend to a 2—-congruence on C. 

(ii) Let A and C be arbitrary lattices and let f: A — C be an embedding. Suppose further 
that every 2-congruence on f(A) can be extended to a 2—congruence on C. Let g: A — X 
be a surjective homomorphism where X is a finite Boolean lattice. Then there is a 
surjective homomorphism h : C — X with hof = g. 


Lemma 2.3: Let A and C be arbitrary lattices with A < C. Let W a and U, be the smallest 
distributive congruences on A and C respectively. Then every 2—congruence on A can be 
extended to a 2-congruence on C, if and only if U 1 = YolA. 

Proof: Let X, be the set of all 2—congruence on C and let X,={%eEX, : OA is a 
2—congruence on A}. Assume that every 2-congruence on A can be extended to a 
2-congruence on C. We show that ¥, = VA. Let © =" X,. Then © is a distributive 
congruence on C which extends €; Since x, c Xo we have to żifi Xe C 8 and so UIA (3 
OJA = V.. But he ¥ [A is a distributive congruence on A and so $, EYolA whence 
W, = W,|A. For the converse assume that Yi = W,|A. Then the map f: Aj% c/¥, 
given by f(a/¥,) = a/¥,, is a well-defined embedding. Consider a 2—congruence © on A. 
Then Y, C O and so we have a 2-congruence 9/9, on A/V, Let © be the congruence on 
fA/€ aj corresponding to ©. Now {A/¥ al and C/U c are distributive lattices with 
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ĦA/V,1 $ C/W, and Q is a 2-congruence on f[A/¥ al- Thus so by Lemma 2.2(i) we see that 
there is a congruence ġ on C such that E/T is a 2—congruence on C/ Ù o extending 2. But 
then $ is a Ż-congruence on C extending © and the result follows. 


Lemma 2.4: (c.f. Lemma 1.2.3 in [3].) Let V be a lattice variety which does not contain the 

diamond or the lattices L,, Ly, Ls, Ly, Li, or L,, (see 0.5 and Figures 2 & 3). Let C € Y and 

let A < C. Then the following are equivalent: 

(i) Every 2—congruence on A can be extended to a Ż-congruence on C. 

(ii) For any distributive congruence 9 on A, and any N-quotient u/v of C, if 
8 = Con(u,v) in C, then D/A C 8. 

Proof: Let U a and $, be the smallest distributive congruences on A and C respectively, 

and let {us/vs : s € S} be the set of all N—quotients of C. (i) = (ii): Assume (i). Then 

Y, = ¥,|A by Lemma 2.3. But by Lemma 0.3(a), Y= Ż-Con(us/vs) and so we see that 

(ii) holds. (ii) = (i): Assume (ii). Then %q(Con(us/vs)] A) = V, so that V, = VA by 

Corollary 0.5 B(ii). Thus (i) holds by Lemma 2.3. 


Note that the implication (i) = (ii) above holds in any variety V which does not contain 


the diamond. 


Corollary 2.5: Let V be as in the previous Lemma. Let A < C with A € Amal(V) and Ce Y. 
Let Me Va with critical quotient u/v and let g: A — M be a homomorphism such thai 
glA] a distributive sublattice of M containing {u,v}. Suppose that h:C— M is a 
homomorphism with h| A = g. Then h{C] C (v} U (u) and so h{C] is an ordinal sum of two 
distributive lattices. 

Proof: Since A € Amal(V) it follows from Lemma 2.1 that every 2—congruence on A can be 
extended to a 2~congruence on C. Further, by Lemma 2.4 and Lemma 0.5 A(ii)(c) we see 
that h{C] must be a distributive sublattice of M. By Lemma 0.5 A(ii)(b), (v) and (u) form 
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distributive sublattices of M. The result follows easily now since g[A] < h{C] and g[A] 


contains {u,v}. 


Our next lemma is concerned with restrictions of 2—congruences of a product onto its 
factors. The proof of the following lemma is the same as that of Lemma 1.2.5 in [3] but we 
include it here for completeness. 


Lemma 2.6: Let A = IKA; be a product of lattices and assume that each for alli € I, A; has 
a Z-congruence. Let @ be a 2-congruence A. Then there is an j€ I and an embedding 
g : Aj — A such that 6|g[Aj] is a 2-congruence on gfAj]. 

Proof: There are u,v € A such that A/O = (u/9, v/O} and let J = {i € I : u; > v; }, where 
u; and v; denote the ith components of u and v respectively. There are two cases: 

Case 1: There is a jel such that {uivi} is a 2-sublattice of Aj. Then there is a 
homomorphism f: Aj — 2 with f(uj) = 1 and f(vj) = 0. Define g: Aj — A as follows: Let 
x€ Aj. Put g{x)j =x. For ie J—{j} put g(x)i = u; if f(x) - 1 and put g(x); = v; if 
f(x) = 0. Foriel—J put g(x); = uj = vi. Then g is an embedding with g(uj) = u and 
g(vi) = v and so we see that O|g[Aj] is a 2-congruence on g[A;]. 

Case 2: Not Case 1, i.e. for alli € I the set (u;,vi) is not a Z-sublattice of Aj. Since © is 
completely meet irreducible in Con(A), by Jénsson’s Lemma there is a filtral congruence Y 
on A such that Y C 8. Let 7 be an ultrafilter on I which induces ¥. Then J € 7. Also for all 
i € J, {i} £? and so J — {i} € 2. J + ġ and so we may choose a j € I. Aj has a Ż-congruence 
and so there is a surjective homomorphism f: Aj — 2. Define g: Aj — A as in Case 1. If 
x€ Aj with f(x) - 1 then we see that g(x)/O = u/@ and if y € Aj with f(y) =0 then 
g(y)/© = v/®. It follows that 9 g(Aj) is a 2-congruence on g[Aj]- 


For the next proposition let A € Amal(B) and let Q be a congruence on A such that A/N is 
a subdirect power of B. Let (9: : i € S} be the set of all B—congruences on A. Then there is 


a subset I C S and a regular subdirect representation 7: A/Q — B' such that for all i € i, 
i = ker(xjorok) where x; : B! — B is the ith projection and k : A — A/Q is the canonical 
quotient map. Let z € B be fixed. Let h : B' — BS be the embedding defined as follws: For 
xeB', b(x)i= xi for alliel and h(x);=2 for all ig S—I. Put D= h[B} and put 
C = her{A/Q]. Then C $ D < BY. For 8 € Amal(B) with Q C @ let 6 denote the congruence 
on C corresponding to the congruence 6/2 on A/N under hor. 


To prove the following proposition we need the following result: Every member of Amal(B) 


is a subdirect power of B. This will be proved in section 4 as Lemma 4.1. 


Proposition 2.7: Suppose © € Con(A) is such that Ġ is a 2-congruence on C. Then 6 can 
be extended to a 2—congruence on D. 

Proof: For each icl let pj: A—+B be the surjective homomorphism given by 
pi(x) = r(x/M); for all xe A. Then for all ie I, p;= ker(pi). For each ieS-I let 
pi: A — B be any surjective homomorphism with p; = ker(pi). Define a map p: A — BS 
as follows: For x € A, p(x); = pi(x) for all ie S. By Lemma 4.1 below (which does not 
require Proposition 2.7 in its proof), A is a subdirect power of B and so we see that 
p:A— B® is in fact a subdirect representation. Since Ġ is a 2—congruence on C, 9 is a 
2—congruence on A and so there are u,v € A with u > v such that A/O = {u/O,v/O}. Then 
C/6 = {r(u/2)/6, r(v/2)/G}. By Lemma 2.1 there is a 2-congruence T on B® such that 
the congruence T | p[A] on p[A] corresponds to 9 under p. By Jénsson’s Lemma there is a 
filtral congruence W on B® with ¥ CT. Let 7 be a ultrafilter over S which induces ¥. Since 
B is finite, W is a B-congruence. Also B/P = {o(u)/T, o(v)/T} and so there is a 
non-critical quotient p/q of B for which the set X = {i€S : p;(u) =p and p;(v) = q} 
belongs to 7. There are two cases: 

Case 1: I € D. Then p(u)/F = r(u/Q)/T and p(v)/P = r(v/Q)/T whence it follows that FID 
is a Ż-congruence on D extending 0. 
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Case 2: I¢D. Then X—IE7D. Let t:C—2 be a surjective homomorphism with 
ker(t) = 6. Definef: C — B® as follows: For x € C let y € A with x = r(y/M). For all i e I 
put f(x); = pify). For all i € S—(X U I) put f(x): =z. For all i € X—I put f(x); = p if 
t(x) = 1 and put f(x); = q if t(x) = 0. Then f is an embedding and the congruence riffcj 
on f(C) corresponds to the congruence © on C under f. There exists a surjective 
homomorphism w : Bl — 2. Define g:D— BS as follows: For x € D put g(x); = x; for all 
iE1U(S—X). For all i € X—I put g(x); = p if w(x) = 1 and put g(x); = q if w(x) = 0. 
Then g is an embedding. Let A be the congruence on D corresponding to the congruence 
T'Ig(D) on g[D] under g. Then A is a 2-congruence on D. Now D © B' and so by Theorem 
0.9A(ii), D € Amal(8). Thus there is a Qe B and embeddings g’,j: B'— Q such that 
g’og = j|D. Also by Theorem 0.9A(ii), B € Amal(B) and so by Lemma 2.1 there is a 
congruence A on Q such that the congruence Ajg'IBS) on g'IB') corresponds to the 
congruence [ on BS under g’. Let £ be the congruence on D corresponding to the 
congruence Àj rica on jiB) under j. Then we have Z|D = A. Since the variety of all 
lattices satisfies the amalgamation property (see [8]) there is a lattice R. and embeddings 
f'e: BS — R such that f’of = e|C. Let 5’ be the congruence on f'(B') corresponding to 
the congruence Z on B® under f’. Then Z’ |{{C] = PIC) and so =’ |4{[C] corresponds to 6 
under f. But =|C corresponds to £' |{[C] under f and so in fact ZJC = 6. Since EJD- A 
we then have A|C = 6 and so A is an extension of 8 to a 2-congruence on D as required. 


3. FINITE IMAGES OF MEMBERS OF AMAL(B) 


Lemma 3.1:.Let A € Amal(B). Then: 

(i) 3 is not an image of A. 

(ii) Every finite distributive image of A is Boolean. 

Proof: (i) Suppose that 3 is an image of A. There exists an embedding f: A — B! for some 
index set I. Also there is a homomorphism g: A — B with g[A] ¥ 3 and a,c € gjA) (where 
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c/a is the unique critical quotient of B). By Theorem 0.9A(i) there is a homomorphism 
h:B'—B such that bof = g. Since 3 is distributive it follows from Corollary 2.5 that 
b{B'] is an ordinal sum of distributive lattices. However, this leads to a contradiction since 
by Proposition 1.2.1 (ii) h{B'] must be a Boolean lattice with more than two elements. 
Thus 3 cannot be an image of A. 

(ii) follows from (i). 

The proof of the following result is the seme as the proof of Lemma 2.4 in [3] but we 


include it for completeness. 


Lemma 3.2: Let C € B and let Oo and ©; be 2—-congruences on C and put € = 9,18... Let 
A € Amal(B) and let fof; : A — C be two embeddings. Assume that @o|fofA] and 9,|f,[A] 
correspond, under fọ and f; respectively, to two distinct congruences on A. Then © not a 
3—congruence on C. 

Proof: Suppose that $ is a 3—congruence. Since 3 is a projective lattice there u,v,z € C with 
u>v>w such that C/O, = {u/@o,v/Oo}, C/O, = 1v/81,w/01, {u,v} € fo[A] and 
{v,w} CfA]. Then C/ = {u/%,v/%,z/}. The diagram (A,fo,C,f;,C) has an amalgam 
(D,g0,81) in B. Then by Lemma 2.1 there are Ż-congruences 99’ and ©,’ on D such that 
Oo’ | go[C] corresponds to 9, under go and ©;’|g,{C] corresponds to 9; under gı. Then 
D/@o’ = { 80(1)/90', 80(v)/90' } and D/O,’ = { gi(v)/Or’, gx(w)/O1’ }. Let xy,zEA . 
such that fo(x) =u, fo(y)=v and f(z)—w. Put $’ = @o’N@)’ and let h= goofy 
(= g:fi). Then we see that ©’ is a 3-congruence on D with D'/$ = 
{ h(x)/®’, b(y)/®’, h(z)/0' }. Let T be the congruence on A corresponding to $' |h{A] 
under h. Then T is a 3-congruence on A with A/T = {x/T, v/T, z/T}. But this contradicts 


Lemma 3.1(i) and so $ is not a ——congruence on C. 


We shall now turn our attention to non—modular subdirectiv irreducible images of 


25 


members of Amal(8). It turns out that every such image is isomorphic to B (see Corollary 
3.4 below.) 


Lemma 3.3: Let A € Amal(B) and let X be a non—modular image of A with X < B. Then X 
is automorphic in B. 

Proof: Let ¢1,82: X — B be embeddings.. Let k : A— X be a surjective homomorphism. 
By Lemma 2.7 we have a subdirect representation f: A — Bl. By Theorem 0.9 A(i) there 
are homomorphisms hi,h:: B'— B with hief = giok and hof = g;ok. Note that h,{B'] and 
h:[B"] must both contain c/a since g;[X] and g2{X] do by non—modularity. By Lemma 0.5 
D, hi (B') and h:[B'] are both images of B, and so it follows that they must be isomorphic to 
B. It follows that h; and hg are surjective. Thus there is an automorphism t : B — B with 
hi = toħ;. Then togjok = tohjof = hz0f = gk and so, since k is surjective, we have 


tog: = g2. Thus X is automorphic in B. 


Corollary 3.4: Let A € Amal(B) and let X be a non—modular subdirectly irreducible image 
of A. Then X is isomorphic to B. 

Proof: By Proposition 1.1.1(i), X € X. Thus by Corollary 1.1.6, X is either a B-lattice or X 
is isomorphic to Lq; for some non—negative integer n. The latter case is ruled out since 3 is 
not an image of A (see Lemma 3.1(i)). Thus X is a B-lattice. Since B is the only member 
of Bq up to isomorphism, X is embeddable in B. By the preceding lemma X is automorphic 
in B. The result follows now from Corollary 1.2.3. 


4. MEMBERS OF AMAL(B) 


The principal result of this section is Theorem 4.2 which characterizes the members of 
Amal(B). This characterization is needed to prove Theorem 5.1. 
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Lemma 4.1: Every member of Amal(B) is a subdirect power of B. 
Proof: Let A € Amal(B). By Corollary 0.91, B is a subdirect product of non—modular 
subdirectly irreducible members of B. The result follows from Corollary 3.4. 


Theorem 4.2: Let A € B. Then the following are equivalent: 

(a) Ae Amal(8). 

(b) 3is not an image of A and for any C € B with A < C, every 2—congruence on A can 
be extended to a 2—congruence on C. 

(c) Ais a subdirect power of B and for any regular subdirect representation f: A — B' 
and any homomorphism g: A — B, there is a homomorphism h: B'— B with 
hof — g. 

(d) Ais a subdirect power of B and for any subdirect representation f: A — B' and any 
homomorphism g : A — B, there is a homomorphism h : B' — B with hof = g. 

(e) A is a subdirect power of B, 3 is not an image of A and if f : A — B' is a regular 
subdirect representation, then any 2—congruence on f[A] can be extended to a 
congruence on B'. 

Proof: (a) = (b) by Lemma 2.1 and Lemma 3.1(i). (b) = (a): Assume (b). We use 

Theorem 0.9A(i). Let g: A — B be a homomorphism and let f: A — C be an embedding 

with C € B. There are two cases: 

Case 1: g[A] is a distributive sublattice of B. Since 3 is not an image of A, g[A] must be 

Boolean. By (b), every 2—congruence on f(A) can be extended to a 2—congruence on C and 

so by Lemma 2.2(ii) there is a homomorphism h : C — B with hof = g. 

Case 2: g{A] is a non—modular sublattice of B. Then g[A] must contain the unique 

N—quotient c/a of B. It follows that g[A] is a Battice. Since every subdirectly irreducible 

member of B is embeddable in B there is an embedding t : C — M where M is a subdirect 

power of B. Thus by Lemma 1.2.5 there is a homomorphism h’ : M— B with h'otof = g. 

Putting h = h’ot: C— B we have hof = g. Thus in A € Amal(B) by Theorem 0.9A(i). 
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(a) = (c) by Lemma 4.1 and Theorem 0.9A(i) while (c) = (a) by Lemma 0.9D. (a) = (d) 
by Lemma 4.1 and Lemma 0.9E. (a) = (e) by Lemma 2.1, Lemma 4.1 and Lemma 3.1(i). 
(e) = (a): Assume (e): We again use Theorem 0.9A(i). Let g: A — B be a homomorphism 
and let f: A— C with C € B. As in the proof of (b) = (a), g[A] is either Boolean or a 
B lattice. Using Lemma 2.2(ii) in the first case and Lemma 1.2.5 in the second case we 
obtain a homomorphism h : C — B with hof = g as required. 


The equivalence of (a) and (e) above generalizes Theorem 2.2 of [3]. The equivalence of (a) 
and (d) above generalizes Theorem 6.2 in [9]. The following theorem generalizes Theorem 
6.1 in (9). 


Theorem 4.3: Let A € B be finite. Then A € Amal(8) if and only if A is a subdirect power of 
B and 3 is not an image of A. 

Proof: By the equivalence of (a) and (e) in Theorem 4.2 it suffices to show that if 
f: A—+B! is a regular subdirect representation, then every 2-congruence on f[A] can be 
extended to a 2-congruence on B'. So let 9 be a 2—congruence on f[A]. By Jénsson’s 
Lemma there is a filtral congruence ¥ on B such that A C @ where A = Y| ffA]. Note that 
since A is finite and f is regular, I is finite and so Y is induced by a principal ultrafilter. It 
follows that there is an i € I such that ¥ = ker(z;) where r; : B? — B is the ith projection. 
Since f is a subdirect representation it follows that there is an isomorphism t : B — f[A]/A 
given by the the mapping x»—+ {y € f[A] : y;=x }. Let I’ be the congruence on B 
corresponding to the congruence @/A on f[Aj/A under t. Define a relation ©’ on B! by 
(x,y) € 6' if and only if (x;,y;) € T. Then O’ is a 2-congruence on B! extending 9. 


We are now going to consider certain extensions of members of Amal(B) which also belong 


to Amal(B). The proof of Proposition 4.4 below is the same as that of Proposition 2.5 in (3) 


but we include it for completeness. 
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Proposition 4.4: Let C € B and assume that for any two distinct 2-congruences 0, and 9; 
on C there is an A € Amal(B) and embeddings f,f;: A—+C such that Oo}fo[A] and 
©; filA) correspond, under f, and f, respectively, to two distinct congruences on A. Then 
C € Amal(8). 

Proof: If DEB with C< D then it is easily seen that any 2~congruence on C can be 
extended to a 2-congruence on D. Also, by Lemma 3.2, C cannot have 3 as an image. The 
result now follows from the equivalence of (a) and (b) in Theorem 4.2. 


5. THE MAIN THEOREM 


Theorem 5.1: Amal(B) is an elementary class. It is closed under reduced products and is 
therefore definable by Horn sentences. Furthermore, if C is both an image of a member of 
Amal(B) and a subdirect power of B, then C € Amal(B). 

Proof: We first prove the last statement of the theorem. Let f:C— B be a regular 
subdirect representation and suppose that C is an image of some A € Amal(8). Using 
Proposition 2.8 we see that any 2—congruence on f[C] can be extended to a 2—congruence 
on B'. Since A € Amal(B), 3 is not an image of A and hence not of C. By the equivalence of 
(a) and (e) in Theorem 4.1, C € Amal(B). We now show that Amal(E) is closed under 
reduced products. Let C — ILQA; be a reduced product where f is a filter over a set I and 
A;€ Amal(B) for all iel. Let A-TA;. We first show that A€ Amal(B), using 
Proposition 4.3. So suppose we have two distinct 2—congruences 9, and O; on A. We show 
that there is a je I and embeddings fof; : Aj — A such that Qo|fo[Aj] and ©,|f,{Aj] 
correspond, under f, and f; respectively, to two distinct congruences on Aj. Now 
A/(@o N 8) is isomorphic to either 3 or 2x 2. In either case we have u,v,w € A with 
u>v>w such that (u,v) ¢ O, (v,w) € @;, (v,w) £ 90 and (u,v) € 90. By Jdnsson’s 
Lemma there are filtral congruences W, and Y, on A with U, C 9, and Y; C O;. Let Do and 
7; be ultrafilters on I that induce W, and Y; respectively. Put R = {i € I : uy > vi} and put 
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S-(iel: vi> wi}. Then RE Do and S € 7). For alli € I let z; € A; be fixed. There are 
three possible cases: 

(1) There is a j € I such that {j} € Do and {j} € 74. 

(2) For alli € I, {i} € Do and fi) £ P4- 

(3) There is a j € I such that {j} € Dp but {j} £ 71, or vice versa. 

For (1): Define fo: Aj — A as follows: For all x € Aj, put fo(x)j = x and put f(x); = 2; for 
all ic I~ {j}. Put f;=f . For (2): Since we are considering a case where A has 
2—congruences there is a jel such that Aj is non-trivial. Then R—{j}€ 2. and 
S— {j} €D;. A; is a non-trivial subdirect power of B and so there are two distinct 
surjective homomorphisms k,t : Aj — 2. Define fp : Aj — A as follows. For all x € Aj: Put 
fo(x); = x. For all i € R — {j}, put fo(x); = u; if k(x) = 1 and put fo(x); = vi if k(x) = 0. 
For all i € I — (R U {j}) put fo(x)i = zi. Define fı : Aj — A as follows. For all x € Aj: Put 
f(x); = x. For all i € S — {j} put f(x); = v: if t(x) = 1 and put f;(x); = wi if t(x) = 0. For 
alli é I — (S U {j}) put f(x): = zi. For (3): If there is a je I with {j} € Da but {j} £ 74, then 
we define fy as in (1) and f; as in (2) while if there is a je I with {j} € 2; but {j} £ Do we 
define f, as in (1) and fo as in (2). In all three cases we see that Og|fo[Aj] and ©,]f,[Aj] 
correspond, under fọ and f, respectively, to two distinct congruences on Aj. Thus by 
Proposition 4.4, A € Amal(B). By Proposition 0.6, C is a subdirect product of non—modular 
subdirectly irreducible members of 8. Now C is an image of A. Since A € Amal(B), every 
non—modular subdirectly irreducible image of C must be isomorphic to B (see Corollary 
3.4). Thus C is a subdirect power of B. By the last statemant of the theorem which we 
have already proved, C € Amal(B) as required. Since Amal(B) is closed under reduced 
products it is closed under ultraproducts in particular. However any amalgamation class of 
a variety which is closed under ultraproducts is elementary (see [13]). Lastly, any 
elementary class closed under reduced products is definable by Horn sentences (see (4)). 


Note that the above theorem generalizes Theorem 3.1 in (3). 
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